INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master, UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may be

from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in reduced
form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6” x 9” black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly to

order.

UMI

A Bell & Howell Information Company
300 North Zeeb Road, Ann Arbor MI 48106-1346 USA
313/7614700 800/521-0600






Stability and Structure of Stretched Vortices

Thesis by
Aurelius Prochazka

In Partial Fulfillment of the Requirements
for the Degree of
Doctor of Philosophy

P ur
,%‘\T ".‘E N

N

A7

2090810

I
4 /
o )
‘0 1891

%
% o

California Institute of Technology

Pasadena, California

1997
(Submitted January 17, 1997)



UMI Number: 9800399

Copyright 1997 by
Prochazka, Aurelius Oldrich

All rights reserved.

UMI Microform 9800399
Copyright 1997, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized
copying under Title 17, United States Code.

UMI

300 North Zeeb Road
Ann Arbor, MI 48103



© 1997
Aurelius Prochazka
All Rights Reserved



Acknowledgements

I thank my advisor, Professor Dale I. Pullin, for his guidance during each phase of
the development of this thesis. I have found his ability to tailor his advising style to
best engage each of his students to be truly remarkable, and I am grateful for all of
his wise advice. Of course, I am very grateful for the support he has given me as well
as the partial support provided by the National Science Foundation.

Helpful discussions with Professor Philip G. Saffman, James Buntine, Ron Hen-
derson, and Darren Crowdy, are gratefully acknowledged. Thanks to Eve Andersson
and Ashish Misra for assisting me with the seminar talk preparation. In addition
to Dr. Pullin and Dr. Saffman, I thank the remaining members of my committee,
Professors Hans G. Hornung, Tony Leonard, and David M. Grether.

Special attention must be brought to David Hill, who has helped me with many
applied math concepts that played an important part in the development of my
research. Perhaps more importantly, Dave’s friendship and wit helped make my
years at Caltech very enjoyable.

Finally, I thank my mother for her constant love and support and I dedicate this

thesis to my grandfather, Vlad Stepanik.



iv

Abstract

We investigate, numerically and analytically, the structure and stability of steady
and quasi-steady solutions of the Navier-Stokes equations corresponding to steady
stretched vortices embedded in a uniform nonsymmetric straining field, (az, 8y, vz),
a + B ++v =0, one principal axis of extensional strain of which is aligned with the
vorticity. These are known as nonsymmetric Burgers vortices studied first by Robin-
son and Saffman (1984). We consider vortex Reynolds numbers R = I'/(27v) where
I’ is the vortex circulation and v the kinematic vorticity, in the range Re = 1-104,
and a broad range of strain ratios A = (8 — a)/(8 + &) including A > 1, and in some
cases A > 1. A pseudo-spectral method is used to obtain numerical solutions cor-
responding to steady vortex states over our whole (R-)) parameter space including
A > 1, where arguments proposed by Moffatt, Kida, and Ohkitani (1994) suggest
the nonexistence of steady solutions. When A > 1, R > land e = A/R < 1, we
find an accurate asymptotic form for the vorticity in a region 1 < r/ \/éu—/y <e 12,
giving, in some cases, near machine-precision agreement with our numerical solutions.
This suggests the existence of an extended region where the exponentially small vor-
ticity is confined to a near cat’s-eye shaped region of the almost two-dimensional
flow, and takes a constant value nearly equal to ['y/(47mv) exp[—1/(2e¢)] on bound-
ing streamlines. This allows an estimate of the leakage rate of circulation to infinity
as OI' /0t = (.48475/4w)ve~'T exp (~1/2e€) with corresponding exponentially slow
decay of the vortex when A > 1. This leakage rate differs substantially from that
estimated by Moffatt, Kida, and Ohkitani. The normal-mode linear stability of the
axisymmetric Burgers vortex (A = 0) to two-dimensional disturbances is calculated in
detail and the vortex is found to be stable at all Reynolds numbers. An iterative tech-
nique based on the Power method is used to estimate the largest eigenvalues for the
nonsymmetric case A > 0. Stability is found for 0 < A < 1, and a neutrally convective

mode of instability is found and analyzed analytically for A > 1. Our general con-



v
clusion is that the generalized nonsymmetric Burgers vortex is unconditionally stable
to two-dimensional disturbances for all R, 0 < A < 1, and that the vortex will tend
to move with the background strain when A > 1, but maintain its structure which
will change only through exponentially slow leakage of vorticity, indicating extreme

robustness in this case.
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Chapter 1 Introduction and Motivation

1.1 Burgers vortex

Two important dynamical mechanisms active in the fine scales of turbulence are
known to be the intensification of vorticity through vortex stretching and the dissi-
pation of energy produced in regions of large velocity gradients. This was first noted
by Taylor [20] and later, Burgers [4] found an exact solution to the Navier-Stokes
equations for a constant density fluid that modeled these processes. Burgers’ solu-
tion may be obtained by first decomposing the velocity field in Cartesian coordinates
(z.y, 2) into an irrotational part corresponding to pure strain u, = (az, By, vz) with
a+(+v =0, and a rotational part confined to the z-y plane, u, = (u,v,0). The only
nonzero component of the vorticity, & = V x u is that in the z-direction, & = (0,0, w),

and the relevant vorticity equation then reduces to

Ow Ow Ow 2
§+(az+u)-é-£+(ﬁy+v)a—y—7w+uv W, (1.1)
o ov

2. _ - - _
V% =-w, u 3y v 3 (1.2)

For the case of axisymmetric strain, a = 3 = —v/2, v > 0, a steady solution of (1-2)

is

W @+
= 1.3
« 47rue (1.3)
which induces the angular velocity,
- r 2
= —|1—e"w )}, 14
Yoo 2rr ( €’ ) ' (14)

where I is the total circulation. We will refer to this solution as the axisymmetric

Burgers vortex with the Reynolds nuinber defined as R = I'/27v. For the case of
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plane strain o = v, 8 =0, v > 0, a steady flow solution of (1.1)-(1.2) is

w = woe /¥ (1.5)
where wyq is the maximum vorticity. This solution is often referred to as the Burgers

vortex layer.

1.1.1 Relevance to turbulence

Burgers vortices have been used to model various features of turbulence including the
energy spectrum in the range of dissipation wavenumbers (Townsend [21]) and the
nearly-streamwise vortices which form in the braid region of the temporal mixing layer
(Lin and Corcos [13]). Interest in the properties of the Burgers vortex intensified fol-
lowing large scale numerical simulations of turbulence, for example Kerr[10], Vincent
and Meneguzzi [22], She et al. [19], Ashurst et al. [2], Reutsch and Maxey [16] and
others, which indicated that regions of high vorticity seemed to “self-organize” into
tube-like structures. Ashurst et al. [2] demonstrated a moderate correlation between
the direction of the vorticity vector and that of the strain eigenvector corresponding
to the intermediate eigenvalue and this, together with the tube observation, revived
interest in the Townsend-Burgers model of the fine scales. Whilst the structure of
the Burgers vortex may be too simple to explain the principal characteristics of the
probability distribution of the longitudinal velocity gradients (Saffman and Pullin
[15]), the numerical experiments of Jiménez et al. [9], do provide evidence that the
structure of the most intense vorticity, which occupies a small fraction of the fluid
volume and provides a small fraction of the dissipation, but which may yet may be
responsible for the tails of the velocity-gradient probability density functions, closely
resembles Burgers vortices. Furthermore, Jiménez and Wray [8] note that whenever
vortices are strongly stretched, the radius approaches the Burgers limit, and that the

cross section of these long coherent vortices will be elliptical in nature.



Figure 1.1: Flow visualization by Douady, et al.[5] showing intensification of vorticity
in to long, thin, tube-like structures. The Reynolds number is 80,000. Subfigures
a)-b) show axial and side views of the initial formation of a tube of length ~ 3em
and diameter ~ 0.1mm. Subfigures c)-d) show the views of the tube 0.1s later.

1.1.2 Stability

Leibovich and Holmes [12] addressed the global stability of the axisymmetric Burgers
vortex using an energy method but found that there existed no finite critical viscosity
at which the vortex became unstable. They noted that this did not indicate stability
to all perturbations. Robinson and Saffman [17], henceforth referred to as RS84, using
perturbation methods, solved the corresponding linearized stability problem through
a series expansion in R, finding the Burgers vortex to be linearly stable for small
R. Buntine and Pullin [3] studied the merger and cancellation of Burgers vortices in
order to model the dissipation range energy spectrum for three-dimensional isotropic

turbulence.






